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ABSTRACT 

3 8 0 7 9  
S o l u t i o n  t o  Maxwell‘s e q u a t i o n s  i s  g iven  f o r  s o u r c e  c u r r e n t s  i n  an 

unbounded magneto-ionic medium f o r  which t h e  d i e l e c t r i c  t e n s o r  i s  u n i a x i a l ,  

t h a t  i s ,  d i agona l  w i t h  two e lements  equal .  Three-dimensional  F o u r i e r  t r a n s -  

f:),-;:is t echn ique  i s  used because  it  g ives  t h e  f i e l d  s o l u t i o n s  i n  a form which 

:‘Iows thak -ihe imiaxial  f i e l d s  may be  o b t a i n e d  by a s c a l i n g  of c e r t a i n  quan- 

‘ i t j e s .  T h e s e  q u a n t i t i e s  are r e l a t e d  t o  f i e l d s  i n  f r e e  space  due t o  an 

p, , I aI.ent s o u r c e  c u r r e n t ,  The cho ice  o f  t h e  q u a n t i t i e s  t o  be  s c a l e d  and 

rlicir r e s p e c t i v e  e q u i v a l e n t  sou rce  c u r r e n t s  depend on how t h e  u n i a x i a l  f i e l d  

s o l u t i o n  i s  ar ranged .  For example,  two methods of  s c a l i n g  are g i v e n  for t h e  

case of t h e  sou rce  c u r r e n t  pe rpend icu la r  t o  t h e  m a g n e t o s t a t i c  f i e l d .  The 

problems o f  an e l ec t r i c  d i p o l e  p a r a l l e l  and p e r p e n d i c u l a r  t o  t h e  magneto- 

s t a t i c  f i e l d  are g iven  as examples of  such  s c a l i n g .  
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1. INTRODUCT I ON 

The s o l u t i o n  of Maxwell ' s  equa t ions  i n  a u r i a x i a l  medium is impor tan t  

because it forms a u s e f u l  b a s i s  f o r  t he  f i e l d  s Q l u t i o n  i n  an unbounded 

magneto-ionic medium when Y ,  t h e  r a t i o  of  gyro-frequency t o  s i g n a l  f requency  

necomes ve ry  l a r g e .  The f i e l d s  i n  a u n i a x i a l  medium are a lso impor tan t  as a 

.'cans of de t e rmin ing  t h e  r e a c t i v e  component of  t h e  impedance o f  an an tenna  

embedded i n  a magneto-ionic medium, I t  h a s  been shown i n  a r e c e n t  paper  

t h a t ,  t h e  v e r y  n e a r  f i e l d  of  a d i p o l e  i n  a magneto-ionic medium is independent  

of t h e  o f f -d i agona l  t e r m  o f  t h e  d i e l e c t r i c  t e n s o r .  T h i s  s u g g e s t s  t h a t  t h e  

v e r y  n e a r  f i e l d ,  which is r e q u i r e d  f o r  such  impedance c a l c u l a t i o n s ,  o f  a 

c u r r e n t  s o u r c e  i n  a magneto- ionic  medium is  t h e  same as t h e  ve ry  n e a r  f i e l d  

of t h e  co r re spond ing  u n i a x i a l  medium. 

1 

I t  i s  an advantage when t r y i n g  t o  s o l v e  f o r  t h e  f i e l d s  i n  a u n i a x i a l  

medium i f  t h e y  can  be  r e l a t e d  t o  c e r t a i n  q u a n t i t i e s  t h a t  occu r  i n  t h e  cal-  

c u l a t i o n  of  f i e l d s  i n  f r e e  space  due t o  c e r t a i n  r e l a t e d  c u r r e n t  s o u r c e s ,  

These q u a n t i t i e s  may a l r e a d y  be known and t h e n  t h e  u n i a x i a l  f i e l d s  can  be 

o b t a i n e d  s imply  by a s c a l i n g  of t h e  f r e e  space  q u a n t i t i e s .  T h e r e f o r e ,  w e  

w i sh ,  g i v e n  any g e n e r a l  volume s o u r c e  i n  t h e  u n i a x i a l  medium, t o  be  a b l e  t o  

f i n d  e q u i v a l e n t  s o u r c e s  i n  f r e e  space t o  which a sca la r  p o t e n t i a l  may be 

a s s o c i a t e d  such  t h a t  t h e  scalar  p o t e n t i a l  may be c o n v e n i e n t l y  s c a l e d  t o  g i v e  

t h e  sca la r  p o t e n t i a l  i n  t h e  u n i a x i a l  medium. Three-dimensional  F o u r i e r  

t r a n s f o r m s  method is used as it  w a s  found t h a t  t h e  form o f  t h e  s o l u t i o n  f o r  

t h e  u n i a x i a l  f i e l d s  o b t a i n e d  by t h i s  method p e r m i t t e d  r e l a t i o n s h i p s  between 

c e r t a i n  f r e e  space  q u a n t i t i e s  and t h e  u n i a x i a l  q u a n t i t i e s  t o  be found,  

A g e n e r a l  volume source  i n  t h i s  paper  is  t r e a t e d  as a s u p e r p o s i t i o n  of  

two components. One component of  t h e  s o u r c e  is  t a k e n  p a r a l l e l ,  t h e  o t h e r  

p e r p e n d i c u l a r ,  t o  t h e  m a g n e t o s t a t i c  f i e l d .  I n  S e c t i o n  2 t h e  formal  s o l u -  

t i o n  o f  t h i s  g e n e r a l  volume source  i s  ob ta ined .  

The s c a l i n g ,  which i s  r e q u i r e d  when t h e  c u r r e n t  i s  p a r a l l e l  t o  t h e  

m a g n e t o s t a t i c  f i e l d ,  i s  d e r i v e d  i n  S e c t i o n  3. 

t i v e l y  s imple  case g i v i n g  on ly  one l o g i c a l  method f o r  t h e  s c a l i n g ,  

T h i s  t u r n s  o u t  t o  be a re la-  

When t h e  c u r r e n t  is pe rpend icu la r  t o  t h e  m a g n e t o s t a t i c  f i e l d ,  t h e  method 

of  s c a l i n g  is  no longe r  s imple .  Two p o s s i b l e  s c a l i n g  procedures  are g iven  
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f o r  t h i s  case. The f i r s t  method i s  given i n  S e c t i o n  4 and t h i s  co r re sponds  

t o  a p a r t i a l  f r a c t i o n  expans ion  sugges ted  by t h e  form of t h e  g e n e r a l  so lu -  

t i o n .  Another  method i s  g iven  i n  Sec t ion  5 by r e p r e s e n t i n g  t h e  u n i a x i a l  

f i e l d  as a s u p e r p o s i t i o n  of  a TE (H-wave) and a TM f i e l d  (E-wave). The TE 

f i e l d  co r re sponds  t o  E = 0 and t h e  TM f i e l d  co r re sponds  t o  H = 0. 
X X 

The method of  r e p r e s e n t i n g  t h e  u n i a x i a l  f i e l d  a s  a s u p e r p o s i t i o n  o f  a 

l’E and a Tbi f i e l d  i s  a l s o  used by C l e m m ~ w . ~  

L u r r e n t s  and f i n d s  t h e  u n i a x i a l  f i e l d  by u s i n g  t h e  f a c t  t h a t  t o  e v e r y  vacuum 

f i r .  \!, r e p r e s e n t e d  as t h e  s u p e r p o s i t i o n  o f  a TE and a TM f i e l d ,  t h e r e  c o r r e s -  

p G l i f l S  a u n i a x i a l  f i e l d ,  r e p r e s e n t e d  as t h e  s u p e r p o s i t i o n  of  a TE and a TM 

f i e l d ,  The method i n  S e c t i o n  5 i s  a p p l i c a b l e  t o  t h e  more g e n e r a l  case o f  

volume s o u r c e s  and stresses t h e  converse :  t h e  u n i a x i a l  f i e l d s  are found 

by r e f e r e n c e  t o  t h e  co r re spond ing  vacuum f i e l d s .  N o  e x p l i c i t  u s e  i s  made 

of a TE and TM r e p r e s e n t a t i o n  f o r  t h e  vacuum f i e l d .  

H e  c o n f i n e s  h imsel f  t o  s u r f a c e  

The two examples of  a d i p o l e  p a r a l l e l  and p e r p e n d i c u l a r  t o  t h e  magneto- 

s t a t i c  f i e l d  are so lved  by t h e  s c a l i n g  methods of S e c t i o n s  3 and 4. O r i g i n a l  

s o l u t i o n  of  t h e s e  two problems is  n o t  c la imed bu t  r a t h e r  t h e y  are used s imply  

as examples of  t h e  s c a l i n g  t h a t  occu r s ,  and r e f e r e n c e  i s  g iven  t o  a l t e r n a t i v e  

s o l u t i o n s  i n  t h e  l i t e r a t u r e .  
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2. FORMULATION OF THE SOLUTION TO MAXWELL'S EQUATION I N  A UNIAXIAL MEDIUM 

Maxwell 's  e q u a t i o n s  f o r  a u n i a x i a l  medium, u s i n g  an e jut t i m e  c o n n e c t i o n ,  

may be w r i t t e n  as 

3 
where 

Equat ion  (2) i m p l i e s  t h a t  t h e  m a g n e t o s t a t i c  f i e l d  is  t a k e n  t o  be i n  t h e  x- 

d i r e c t i o n .  On e l i m i n a t i n g  E from Equat ion (1)  u s i n g  Equat ion  (1-A), w e  have 

where 

- -1 
E = p xx + yy + zz  A 4  hh , A h  - 

U 
u - x  p = -  

A s o l u t i o n  for ?i s a t i s f y i n g  Equat ion (4) i s  d e s i r e d .  - 
L e t  t h e  three-d imens iona l  Four ie r  t r a n s f o r m  of  be d e f i n e d  by where 
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u 

and l e t  t h e  t r ans fo rms  J of Jx be  s i m i l a r l y  de f ined .  Taking  t h e  

t r ans fo rms  o f  Equat ion  (4)  y i e l d s  
XYYYZ , Y , Z  

T h i s  g i v e s  i n  m a t r i x  form 

2 2 
(1-n - m ) I m  -I n 

+ I m  (1-n p -1 1 -mnp 
2 2 

-mnp 
L - 

S o l v i n g  f o r  iT 
X , Y , Z  (P,m,n> g ives  
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2 2 2 2 -1 2 2 n = 1-1 - in , n2 = p (1-1 ) - m 
1 

The f i e l d s  as a f u n c t i o n  of p o s i t i o n  a re  o b t a i n e d  b y  i n v e r t i n g  Equat ions  ( l l ) ,  

(12) and (13), u s i n g  t h e  F o u r i e r  i n v e r s i o n  i n t e g r a l  
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3.  FIELDS DUE TO THE CURRENT COMPONENT PARALLEL TO THE DIRECTION 

O F  THE MAGNETOSTATIC FIELD 

S i n c e  t h e  m a g n e t o s t a t i c  f i e l d  i s  i n  t h e  x - d i r e c t i o n ,  t h i s  case c o r r e s -  

By r e f e r r i n g  t o  Equa t ions  (11) t o  (16), t h e  
- 

p m d s  t o  t h e  f i e l d s  due t o  J 

f i e l d s  are 
XO 

where 

j k o ( l x  +my - n z )  
J ( ~ , m , n )  e 

n ( x , y , z )  = 211 2 -1 2 2 k 
d1 dmdn 

n - P (1-1 + m 0 

-XI 

I n  E q u a t i o n  (18) make t h e  v a r i a b l e  change 

m n 
0 0 m = -  

L e t  
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where 

so  

0 
7T ( x y y f o )  i n  Equat ion  (22) i s  r e c o g n i z a b l e  a s  t h e  f u n c t i o n a l  form of t h e  

v e c t o r  p o t e n t i a l  i n  f r e e  space  w i t h  c o o r d i n a t e s  ( x y y o y z  ) due t o  t h e  e q u i v a l e n t  
0 

s o u r c e  c u r r e n t  Jx 0 (xyyo ,zo ) .  That  i s ,  7T 0 (x ,yoyz  ) s a t i s f i e d  
0 

2 -  0 A 
V2 + ko A = j k o  Jx ( x , y o y z o ) ~  ( 2 6 )  

where 
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0 
The f i e l d s  i n  t h e  u n i a x i a l  medium are ob ta ined  once t h e  71 

J 

(x ,yoyzo)  due t o  
0 (x ,yo ,z  ) i n  f r e e  space is known s i n c e  

X 0 

A s  an example of t h i s  case cons ide r  an i n f i n i t e s i m a l  d i p o l e  s o u r c e  

Then 

0 0 
The 71 (x ,yo,z  ) i n  f r e e  space  due t o  J is  well-known t o  be 

0 X 

p7-T 
- jko  x +yo +z  

0 
- j k  I 

0 0 

2 2 ’  2 I 

x +Yo +zo 

So 71(x,y,z) for t h e  u n i a x i a l  medium i s  

- j k  R - j k  I e o 
0 

71(x,y,z) = 

where 

(33) 

* p is t a k e n  as p o s i t i v e  real  f o r  p r e c i s e n e s s .  



The a c t u a l  f i e l d  components a r e  o b t a i n a b l e  from Equa t ions  (17) and 11 ) .  

T h i s  s imple  example has been  so lved  e l sewhere  i n  t h e  l i t e r a t u r e ,  f o r  
2 

example,  Clemmow , on page 463, 
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4.  FIELDS DUE TO THE CURRENT COMPONENT PERPENDIDULAR 

TO THE DIRECTION OF THE MAGNETOSTRTIC’FIELD 

Tn t h i s  case w e  want t o  f i n d  t h e  f i e l d s  due t o  t h e  c u r r e n t  i n  t h e  

y - d i r e c t i o n ,  R e f e r r i n g  t o  Equat ions  (11) t o  ( 1 6 ) ,  w e  may w r i t e  

dldmdn 

L. 

Jy(l ,m,n)  e 
+ j k o ( l x  + my - nz)  

2 2 2 
0 n - l + l  + m  

-ca 

(35) 

00 r -r 

J ( l ,m,n)e 
j k o ( l x  + my - nz)  

Y 
2 2 2 

(n - 1 + l  + m )  
dldmdn - 1 (37 1 

-ca 

Obviously H 

p r e v i o u s  case. 

E q u a t i o n s  (36) and (37) can a l s o  be w r i t t e n  by a s imple  f a c t o r i z a t i o n  as 

cannot  be d e r i v e d  from one s i n g l e  7l as w a s  done i n  t h e  
X , Y , Z  

However, n o t e  t h a t  H i s  a l r e a d y  r e l a t e d  t o  a f r e e  space  71. 
X 



dldmdn 1 j k (lx+my-nz) 1 0 - 
2 -1 2 

n -p (1-1 )+  m 

j k o  (lxi.my-nz) 
dldmdn 

1 
2 -1 2 2 

n - p (1-1 ) +. m 
- 

Or, u s i n g  a simpler n o t a t i o n ,  

- j  a 
x k a z  '1 

H = - -  - 
0 

0 

11 

(39) 
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L 
i 

1y rr2, and rr where 7~ 

Equa t ions  (35) and (38) , r e s p e c t i v e l y .  

t h e  O.F= 0. 

are d e f i n e d  by comparing Equat ions  (40) and (41) w i t h  

Equa t ion  (42) m e r e l y  v e r i f i e s  t h a t  
3 

The f u n c t i o n  71 (x ,y , z )  i s  obvious ly  t h e  s o l u t i o n  o f  t h e  scalar  wave 1 
e q u a t i o n  i n  f ree  space  for a c u r r e n t  J ( x , y , z ) ,  t h a t  is, 

Y 

2 
?Tl+ ko 7~~ = j k o  J ( x , $ , z )  

Y 

1' 
N o  s c a l i n g  is r e q u i r e d  f o r  7~ 

Now 'IT is  g i v e n  by 2 

00 

where 

j ( 1  ko x+my-nz) 
e d1 dmdn 2 2 2  

0 n -1+l +m 
k 

-00 

(43) 

(44) 

Theref  o r e  , ~ 2 ( x , y , z )  i s  t h e  s o l u t i o n  of t h e  scalar  wave e q u a t i o n  i n  f ree  space  
f o r  an e q u i v a l e n t  s o u r c e  c u r r e n t  J 0. ( x , y , z ) ,  t h a t  i s  

Y2 

and 

2 0 

2 0 Y2 $rr2 + ko rr = j k  J (x ,y , z )  

00 
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o r  

where 

( 4 8 - A )  

The f u n c t i o n  n is  g i v e n  by 
3 

-a3 

I n  Equa t ion  (49) make t h e  v a r i a b l e  change 

m n 
0 

jko(lxcm - Y - Z 

( n 2 - l t l  2 A m  2 0 0  

m n 
-u 0 0 

a3 -1 e 

dldm dn (51) 

0 0 
0 

-a3 

Z Let  = z s o  t h a t  w e  may w r i t e  

a3 j k  iPx.+m y -n z ) 
0 0 0  0 0  

0 
( 5 2 )  dldm dn 

0 2 2 2  0 0  -l+l , t m  ) 
0 

0 
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where 

and 

m n 
0 .y - 0  Q J (1,m ,n  1 = - 

y3 0 0 2 
1-1 

k 3 -jko(Qx+m 0 0  y -n 0 0  z 
Q dxdy dz  

0 0  Y 
- 

(54) 

i f  

0 T h e r e f o r e  7.r 

space  w i t h  c o o r d i n a t e s  (x ,y  ) z  ) due t o  t h e  e q u i v a l e n t  s o u r c e  c u r r e n t  I 

( x y y o y z  ) i s  t h e  s o l u t i o n  o f  t h e  scalar wave e q u a t i o n  i n  f r e e  
3 0 

J y 3 ( x y ~ o , z o )  t h a t  i s  
0 0  0 

and 



15 

so 
ca 

T h i s  g i v e s  71 ( x , y , z )  f o r  t h e  u n i a x i a l  medium 3 

* 
A s  an example of t h i s  case c o n s i d e r  an i n f i n i t e s i m a l  d i p o l e  s o u r c e  

The s o l u t i o n  f o r  ( x y y y z )  is immediate from Equat ion  (43)  1 

- j k  I 
0 

4?T 2 2 2  
i 

x c y  +z 

The e q u i v a l e n t  c u r r e n t  needed t o  c a l c u l a t e  71 i s  o b t a i n e d  from Equat ion  (48)  
2 

* p is  a g a i n  t a k e n  a s  p o s i t i v e  r e a l .  
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S o l v i n g  Equat ion (46) f o r  7~ ( x , y , z )  w i t h  t h e  c u r r e n t  as g i v e n  i n  Equat ion  (61) 

means w e  have t o  s o l v e  t h e  scalar wave e q u a t i o n  f o r  a phased l i n e  c u r r e n t  and 

t h i s  y i e l d s  

2 

1 - 

where: + for x > 0, - for x < 0, 

2 2 2 1 2  1 2  2 1  -1 1 p = Y  + z , ( p )  = ( y )  + z , a  = T a n  ( z / y ) ,  

1 2  2 1 2  2 
(1') = x  + ( y )  + z  

The e q u i v a l e n t  c u r r e n t  needed t o  c a l c u l a t e  71 0 (x,yo,z  ) i s  o b t a i n e d  from 
3 0 

Equat ion  (58) 

S o l v i n g  Equat ion  (56) for  0 (x,yo,z  ) w i t h  t h e  c u r r e n t  as g i v e n  i n  (63) g i v e s  3 0 

from which w e  o b t a i n  

7l3(XYY,Z) = 2 - ko21 
Tjk 0 x 

0 - x  + -  1 e """"1 d j  (65) 

3 
r 471 
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where: +. f o r  x > 0, - f o r  x < 0 

2 - 1 . 2  2 1 2  -1 1 2  2 1 -1 1 p3 = P ( z  + Y  1 ,  (p3 = p ( C Y  + z  1, a3 = Tan (z/y 1, 

The z c t u a l  f i e l d  components are ob ta ined  from Equa t ions  (401, (411, (42)  

and (1). For example,  t h e  H components are 

- j k  r I 0 H = -  j k  e x 47T 0 r 
(66-A) 

- j k  r 

H =  0 r - e r O 3 )  t 
3 

L 

(66-B) 

- j k  r - j k  r 

0 3 )  0 r 3 

- j k z 2 ( l - + )  e 0 + I x  e 
2 2  r r 

H =  
Z 

47T(Y +z ('z +y  
L 

2 - j k  r 
- j  koY 0 3  e 

3 
+ -  

pr3 0 3  
(66-C) 

d 

where : 

2 2 2 2 2 = x 2 + p - l ( y2  4" z 2 1 
= x  + y  + z y r 3  

The H components as g i v e n  i n  Equa t ions  (66-A), (66-B) and (66-C) may be 

When comparing,  compared w i t h  e x p r e s s i o n s  o b t a i n e d  by  Clemmow4 on page 105, 

i t  is  n e c e s s a r y  t o  r e l a t e  t h e  c o o r d i n a t e  sys tem a s  used by Clemmow t o  t h e  
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c o o r d i n a t e  system used h e r e  and a l s o  t o  re la te  t h e  symbols used f o r  t h e  

d i e l e c t r i c  t e n s o r s .  I t  i s  s e e n  t h a t  the  H and H components g i v e n  h e r e  

d i f f e r  from C l e m m o w ' s  by a k i n  one of t h e  t e r m s  s u g g e s t i n g  t h a t  a 

p r i n t i n g  e r r o r  o c c u r r e d  i n  h i s  paper .  

Y Z 

0 
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5. SCALING OBTAINED BY USE OF A TM AND TE REPRESENTATION FOR THE FIELD 

The t ransformed f i e l d s  i n  t h e  u n i a x i a l  medium, g i v e n  by Equat ions  i l l ) ,  

(12) and (13) ,  may a l s o  be represente .d  as t h e  s u p e r p o s i t i o n  of a t r a n s v e r s e  

magnet ic  (TM) f i e l d  and a t r a n s v e r s e  e l ec t r i c  (TE) f i e l d  t o  t h e  d i r e c t i o n  of  

t h e  m a g n e t o s t a t i c  f i e l d .  For t h e  TM f i e l d  t h i s  i m p l i e s  H = 0 and E := 0 

f o r  t h e  TE f i e l d .  W e  wish t o  arrange Equat ions  ( l l ) ,  (12)  and (13) so  as t o  

y i e l d  t h i s  r e p r e s e n t a t i o n .  

X X 

For t h e  case of a c u r r e n t  component i n  t h e  x - d i r e c t i o n ,  t h e  u n i a x i a l  

f i e l d  i s  a l r e a d y  TM as H = 0 which i m p l i e s  H = 0. The s c a l i n g  f o r  t h i s  

case h a s  a l r e a d y  been g iven  i n  S e c t i o n  3.  

U 

X X 

L e t  t h e  c u r r e n t  component pe rpend icu la r  t o  t h e  m a g n e t o s t a t i c  f i e l d  be  

i n  t h e  y - d i r e c t i o n  wi thou t  loss of g e n e r a l i t y .  W e  now wish t o  e x p r e s s  

-. A -  - 
2 J = J  y = J  + J  Y 1 

where 7 w i l l  g e n e r a t e  a TM f i e l d  and 7 1 2 w i l l  g e n e r a t e  a TE f i e l d ,  

Le t  

( 6 8 - A )  

( 6 8 - B )  

Obvious 1 y 

J + J  = J  
Y l  Y2 Y 

- -. 
Using t h e  f a c t  t h a t  H = 0 due t o  J1 and E 

X X 
= 0 due t o  J2 i n  t h e  f i e l d  

e q u a t i o n s  f o r  the  u n i a x i a l  medium and u s i n g  Equat ion  (69), w e  o b t a i n  



So t h e  TM component of t h e  u n i a x i a l  f i e l d  may be  w r i t t e n  a s  

= o  Hxe 

- j  a 
ye kop a2 714 

H = - -  

The s u b s c r i p t  e r e f e r s  t o  an E-wave or TM f i e l d .  

Also 

1 
Hxh = - 

0 
k 

C '  1 a2 H = -  - 
2 axay 715 
0 

yh k 

1 a2 - - -  
2 axaz 715 
0 

k Hzh - 

20 

(71) 

(73) 

(74 1 

(75) 

(77) 

The s u b s c r i p t  h r e f e r s  t o  a H-wave o r  a TE f i e l d .  

The p o t e n t i a l s  71 and 71 a r e  given by 
4 5 



2 1  

and 

co j ko (Ix-tmy-nz) 
n J (I ,m,n) e 

2 2 . 2  2 2  d l  dmdn 
i n  +m ) ( n  -1+1 +m ) 

-co 

r 5 ( x , y , z )  i s  r e c o g n i z a b l e  as t h e  s o l u t i o n  of t h e  scalar  wave e q u a t i o n  i n  
f r e e  space  due t o  an e q u i v a l e n t  source  J 0 ( x , y , z ) ,  t h a t  i s ,  

Y 5  

2 2 0 
V T5  -t ko r5 = j k o  J Y 5  i x ,  Y , z )  

and 

c j k  (4xt.my-nz) 
0 z n 

2 2  J Y iI ,m,n) e d l  dmdn m n +m 

0 
J ix,Y,z) = 

Y 5  

The sca la r  p o t e n t i a l  71 can  be  w r i t t e n  i n  a more convenient  form by 
4 

making t h e  f o l l o w i n g  v a r i a b l e  changes:  

n = F n  0 ,  m = y m  0 

182) 

(83) 

(84) 
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jko(lx+moyo-n z 'yo 0 0  

dldm dn (85) 2 2 2  0 0  n -1+l +mo 

0 

0 
714 

0 

where 

and 

0 T h e r e f o r e ,  r4 (x,yo,zo) ,  f s - t h e  , s o l u t i o n  of  t h e  scalar wave e q u a t i o n  i n  f r e e  

space  w i t h  c o o r d i n a t e s  (x,yo,z ) due t o  t h e  e q u i v a l e n t  source c u r r e n t  

J (x,yo,zo),  that is  
0 0 

Y4 

0 2 0  0 

0 Y4 
r4 = j k o  J (x,yo,z0) 

where : 

0 
Jy4(X,Yo,Z0) = 

The u n i a x i a l  p o t e n t i a l  i s ,  t h e r e f o r e ,  
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The TE and TM components of t h e  H-f ie ld  a r e  g iven  b y  Equat ions  (73) t o  ( 7 8 9 ,  

The t o t a l  f i e l d  i s  t h e n  t h e  s u p e r p o s i t i o n  of t h e  TE and TM components and most,  

o f  c o u r s e ,  agree  w i t h  t h e  o r i g i n a l  r e p r e s e n t a t i o n  g iven  by  Equat ions  (351, 

(36)  and ,J37). 
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6. COh4MENTS ON EQUIVALENT FREE SPACE CURRENTS CORRESPONDING 

TO A GIVEN UNIAXIAL CURRENT 

I n  S e c t i o n s  3 ,  4 and 5 ,  i t  w a s  seen  t h a t  t h e  u n i a x i a l  f i e l d s  could  be 

o b t a i n e d  by a s imple  c o o r d i n a t e  s c a l i n g  of a s c a l a r  f u n c t i o n  which w a s  a 

soiliution of t h e  inhomogeneous s c a l a r  wave e q u a t i o n  i n  f r e e  space  w i t h  a s o u r c e  

t e r m  t h a t  w a s  r e l a t e d  t o  t h e  g i v e n  u n i a x i a l  c u r r e n t .  I n  S e c t i o n  3 it w a s  s e e n  

t h a t  t h e  u n i a x i a l  c u r r e n t  p a r a l l e l  t o  t h e  m a g n e t o s t a t i c  f i e l d  t ransformed i n t o  

t h e  f r e e  space  sou rce  c u r r e n t  by merely m u l t i p l y i n g  t h e  u n i a x i a l  c u r r e n t  by a 

c o n s t a n t  and s c a l i n g  i t s  c o o r d i n a t e s .  (Refer  t o  Equat ion  ( 2 5 ) . )  T h i s  means 

t h a t  a d i p o l e ,  f o r  example, p a r a l l e l  t o  t h e  m a g n e t o s t a t i c  f i e l d  i n  t h e  u n i -  

a x i a l  medium t ransformed i n t o  t h e  f r e e  space  sou rce  c u r r e n t  t h a t  was a l s o  a 

d i p o l e  (Equat ion 31).  

The s i t u a t i o n  f o r  t h e  c u r r e n t  pe rpend icu la r  t o  t h e  m a g n e t o s t a t i c  f i e l d  
0 0 is more complex. I n  S e c t i o n  4 t h e  e q u i v a l e n t  s o u r c e  c u r r e n t s  J and J 

a s s o c i a t e d  w i t h  t h e  scalar f u n c t i o n s  and , r e s p e c t i v e l y ,  f o r  f r e e  space ,  

are r e l a t e d  t o  t h e  u n i a x i a l  sou rce  c u r r e n t  by more t h a n  j u s t  a c o o r d i n a t e  

s c a l i n g .  The f u n c t i o n a l  form of bo th  J and J may be d i f f e r e n t  t han  t h a t  

of t h e  u n i a x i a l  s o u r c e  as s e e n  i n  Equat ions  (48) and (58) .  For example, i f  

t h e  u n i a x i a l  s o u r c e  is a d i p o l e ,  t h e  e q u i v a l e n t  f r e e  space  c u r r e n t s  become 

phased l i n e  e lements  (Equat ions  61 and 63 ) .  I t  i s  i n t e r e s t i n g  t o  n o t e  t h a t  

t h e  e q u i v a l e n t  f ree  space  c u r r e n t  J and J o b t a i n e d  i n  S e c t i o n  5 by rep-  

r e s e n t i n g  t h e  u n i a x i a l  f i e l d  as a s u p e r p o s i t i o n  of TE and TM f i e l d s ,  are 

f u n c t i o n a l l y  d i f f e r e n t  t h a n  t h o s e  of S e c t i o n  4. I n  S e c t i o n  4 t h e  e q u i v a l e n t  

0 Y2 Y 3 ’  

2 3 

0 0 

Y2 Y3 

0 0 

Y4 Y5 , 

f r e e  space  c u r r e n t s  w e r e  f u n c t i o n a l l y  d i f f e r e n t  from t h e  u n i a x i a l  c u r r e n t  i n  

one dimension o n l y ,  namely x. I n  S e c t i o n  5 t h e  e q u i v a l e n t  f r e e  space  c u r r e n t s  

a r e  f u n c t i o n a l l y  d i f f e r e n t  t h a n  t h e  u n i a x i a l  sou rce  i n  a t  l e a s t  two dimensions 

a s  s e e n  from Equa t ions  (83) and (89).  R e c a l l i n g  t h a t  t h e  u n i a x i a l  f i e l d s  are 

o b t a i n e d  from t h e  s o l u t i o n  of t h e  inhomogeneous scalar wave e q u a t i o n  i n  f r e e  

space  w i t h  a s o u r c e  t e r m  g i v e n  by t h e s e  e q u i v a l e n t  c u r r e n t s ,  t h e  f u n c t i o n a l  

d i f f e r e n c e  between t h e  e q u i v a l e n t  c u r r e n t s  becomes impor t an t .  For i n s t a n c e ,  

i t  may be  s i m p l e r  t o  s o l v e  f o r  t h e  f i e l d  by t h e  method of S e c t i o n  4 r a t h e r  

t h a n  5 because  of t h e  d i f f e r e n c e  i n  t h e  n a t u r e  of t h e  e q u i v a l e n t  s o u r c e  terms. 

T h i s  would depend on t h e  f u n c t i o n a l  form of t h e  g iven  u n i a x i a l  c u r r e n t .  
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7. CONCLUSIONS 

I 

Given a u n i a x i a l  medium and a c u r r e n t  s o u r c e ,  t h e  u n i a x i a l  f i e l d s  are 

expres sed  i n  terms of u n i a x i a l  scalar  p o t e n t i a l s  t h a t  can  be de te rmined  by 

s c a l i n g  t h e  s o l u t i o n s  of  t h e  inhomogeneous wave e q u a t i o n s  i n  f r e e  space  w i t h  

s o u r c e  t e r m s  t h a t  are r e l a t e d  t o  t h e  c u r r e n t  sou rce  i n  t h e  u n i a x i a l  medium. 

T w o  p o s s i b l e  methods of s c a l i n g  are p resen ted  f o r  t h e  case of  t h e  u n i a x i a l  

c u r r s n t  s o u r c e  p e r p e n d i c u l a r  t o  t h e  magne tos t a t i c  f i e l d .  One i s  sugges t ed  

b l x ’  t h e  form of t h e  s o l u t i o n  ob ta ined  by t h e  three-d imens iona l  F o u r i e r  t r a n s -  

forms t echn ique ,  The o t h e r  method is  ob ta ined  by r e p r e s e n t i n g  t h e  u n i a x i a l  

f i e l d  as a s u p e r p o s i t i o n  of a TE and TM f i e l d .  The c h o i c e  o f  which method 

t o  u s e  depends on t h e  g iven  u n i a x i a l  c u r r e n t .  T h i s  i s  a r e s u l t  of  t h e  f a c t  

t h a t  t h e  e q u i v a l e n t  c u r r e n t s  t h a t  occur  i n  each  method are f u n c t i o n a l l y  de- 

pendent  on t h e  u n i a x i a l  sou rce  but  i n  a d i f f e r e n t  manner. T h e r e f o r e ,  one 

e q u i v a l e n t  sou rce  may be  easier  t o  work w i t h  t h a n  t h e  o t h e r ,  

The advantage of  be ing  a b l e  tq use  t h e  s o l u t i o n  of t h e  inhomogeneous 

sca la r  wave e q u a t i o n  i n  f r e e  s p a c e ,  t o  o b t a i n  t h e  u n i a x i a l  f i e l d s ,  i s  

because  of  o u r  p rev ious  knowledge gained from working .wi th  t h i s  equa t ion .  

I t  may be  t h a t  t h e  s o l u t i o n  of  t h e  inhomogeneous sca la r  wave e q u a t i o n  w i t h  

a s o u r c e  t e r m  g iven  by t h e  e q u i v a l e n t  c u r r e n t  may a l r e a d y  be known. How- 

e v e r ,  i f  t h i s  i s  not  t h e  case,  t h e n  a d i r e c t  a t t a c k  on t h e  u n i a x i a l  f i e l d s ,  

as g iven  by Equat ions  (351 ,  (36)  and (371 ,  may be  b e s t .  

I t  i s  c lear  from t h e  work i n  S e c t i o n s  3 ,  4 and 5 t h a t  t h e  s c a l i n g  is  

p o s s i b l e  o n l y  because two of t h e  t h r e e  terms of  t h e  d i agona l  t e n s o r  are 

equa l .  

g e n e r a l  magneto-ionic medium. 

Thus,  t h e  s c a l i n g  p r i n c i p l e  o u t l i n e d  h e r e  cannot  be  ex tended  t o  t h e  

One f i n a l  comment about t h e  p o s s i b i l i t y  of p being  n e g a t i v e  o r  complex, 

The l a t t e r  case occur s  i f  t h e  plasma is  l o s s y  and t h e  former occur s  i f  X 

(Equat ion  ( 3 ) )  is  g r e a t e r  t h a n  u n i t y  (plasma f requency  i s  g r e a t e r  t h a n  wave 

f r equency) .  Reference  t o  t h e  l i t e r a t u r e  s u g g e s t s t h a t  t h e  s o l u t i o n s  ob ta ined  

for P r ea l  and p o s i t i v e  s t i l l  hold  i f  p t a k e s  on t h e s e  v a l u e s ,  a l though t o  

d a t e  t h i s  p o i n t  i s  s t i l l  c o n t r o v e r s i a l .  
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